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Abstract. This paper takes a new look at ideals generated by 2 x 2 minors of 2 x 3 matrices 
whose entries are powers of three elements not necessarily forming a regular sequence. A 
special case of this are the ideals determining monomial curves in three dimensional space, 
which were already studied by Herzog. In the broader context studied here, these ideals are 
identified as Northcott ideals in the sense of Vasconcelos, and so their liaison properties are 
displayed. It is shown that they are set-theoretically complete intersections, revisiting the 
work of Bresinsky and of Valla. Even when the three elements are taken to be variables 
in a polynomial ring in three variables over a field, this point of view gives a larger class 
of ideals than just the defining ideals of monomial curves. We then characterize when the 
ideals in this larger class are prime, we show that they are usually radical and, using the 
theory of multiplicities, we give upper bounds on the number of their minimal prime ideals, 
one of these primes being a uniquely determined prime ideal of definition of a monomial 
curve. Finally, we provide examples of characteristic-dependent minimal prime and primary 
structures for these ideals. 

1. Introduction 

Let y4 be a commutative Noetherian ring (with identity) and Xi,X2,Xs a sequence of 
elements of A generating a proper ideal of height 3. Set Nq = N U {0} and take a = 
(ai, a2, as) G Nq and b = {bi, 62, ^s) £ Nq- Let c = a + b, c = (ci, C2, C3). Let Ad be the matrix 



and f 1 = — x^x^ ^ V2 = x'^^ ~ ^"v^i and D = x^^ — x^x^^ ^ the 2x2 minors of up to a 
change of sign. Consider l^i^hA) = (fi, f2, D), the determinantal ideal generated by the 2x2 
minors of Ai. Note that x^^D = — Xg^f 1 — x\^V2, so that, if 62 = 0, then hi^i) = (fi, ^2)- 

Our motivation to consider these ideals comes from the following well-known result of 
Herzog in [9] (see also [I3l pages 138-139]). Take the irreducible affine space curve of A| = k^, 
k a field, given by the parametrization xi = X2 = t"^, x^ = t"^, where n = {ni,n2, n^) G 
(rii > 0), with gcd(ni, n2, ^3) = 1. Let p„ be the vanishing ideal of this curve, i.e., the 
height 2 prime ideal of the polynomial ring in three variables A = k[xi,X2,X3] defined as 
the kernel of the natural morphism ip : k[xi,X2,xs] — )■ k[t], ip{xi) = t"'\ We will call p„ 
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the Herzog ideal associated to n = {ni,n2,ns) (see Section [7]for more details concerning this 
definition; note that Huneke in [10] used the term Herzog ideals for a different class of ideals). 
Herzog proved that p„ is either a complete intersection or an almost complete intersection 
ideal (in the sense of [8]). Concretely, with a suitable numbering of the variables, p„ has a 
set of generators of one of the two following types: 

(ci): Vl = - V2 = - a;"'x3^ Ci, 02, G N, 0163 ^ (here 62 = 0); 
(aci): Vl = xl^ — 0:2^X3^, V2 = x'^2 ~ a^^^s^ D = x^^ — x\^X2^, with a, 6 G N'^. 

In other words, a Herzog ideal can always be seen as an ideal of the type hi-M) = {vi, V2,D), 
for some appropriate a,b G Nq. However, even in the case of a polynomial ring, an ideal of 
the form h^M) = (f 1, V2, D) is not always a Herzog ideal because (as we will show) it might 
not be a prime ideal (see Theorem 17.81) . whereas a Herzog ideal is prime by definition. 

Herzog also proved that p„ is always a set-theoretic complete intersection. Subsequently 
Bresinsky and Valla gave constructive proofs that an ideal of the form I2{A4.) is a set- 
theoretic complete intersection ([2] and [191 Theorem 3.1]), the first in the polynomial case 
A = k[xi,X2, X3], the latter in our setting and using a general result on determinantal ideals 
proved by Eagon and Northcott ([U Theorem 3]). 

We recently made use of Herzog ideals in order to produce a negative answer to a long- 
standing question about the uniform Artin-Rees property on the prime spectrum of an 
excellent ring. Concretely, for s G N, s > 4, and ni{s) = — 3s + 1, ^2(5) = — 3s + 3 
and ^3(3) = — s + 1, n{s) = (^i(s), 71,2(5), 723(5)) G N^, the one parameter family of 
(non complete intersection) Herzog ideals p^j-^) satisfies the relation that, for all s > 4, 
P:(,) n x,A 2 PnisMjs) n x^A) (see pj). 

On the other hand, in [14J, Northcott considered the following situation: let u = ui, ... ,Ur 
and V = vi,...,Vr be two sets of r elements of a Noetherian ring A, connected by the 
relations: 

f 1 = ai^iUi + ai^2U2 + . . . + ai-rUr, 
^ V2 = a2,lUl + ^2,2^2 + • • • + a2,rUr, 

Vr = Or.lWl + ar,2W2 + . . . + ttr^rUr, 

with aij G A. Let D stand for the determinant of the r x r matrix $ = (aij). Northcott 
proved that if {vi,...,Vr) has grade r and {vi, . . . ,Vr, D) is proper, then the projective 
dimension of A/ {vi, . . . , Vr, D) is r, and (fi, . . . , Vr, D) and all its associated prime ideals have 
grade r ([HI Theorem 2]). Subsequently, Vasconcelos called such an ideal (f 1, . . . ,Vr,D) the 
Northcott ideal associated to $ and u (see e.g. [20, page 100]). 

Take now r = 2, mi = U2 = —x^2 ^'^d Vi = x1^ — x^^x"^^, V2 = x''^ — x"^X3^ the 
aforementioned first two generators of /2(A^) = (fi,f2,-D). Let $ be the 2x2 matrix 
defined by 

2 




whose determinant, note, is just D = 2^ , the third generator of I2 ( ) • We clearly 

have $ ■ [u]^ = [v]^ . In other words, the ideal /2(A^) = {vi,V2,D) (in particular, a Herzog 
ideal) can be viewed as a Northcott ideal whenever the ideal (fi,f2) has grade 2. This fact, 
though simple, was extremely useful in proving the main result in [15j. As a consequence, it 
awakened our interest in this family of ideals. In this paper, we intend to study their general 
properties, though we will restrict ourselves just to the case a, 6 G N^, i.e., ai,bj > 0. For 
ease of reference, we state the following definition. 

Definition 1.1. Let A be a commutative Noetherian ring and x = xi,X2,xs a sequence of 
elements of A generating an ideal of height 3. Let a = (ai, 02, 03) G and b = (61, 62, ^3) G 
(ttj, bj > 0) and set c = a + 6, c = (ci, C2, C3). Let Ai be the matrix 



and Vi = x1^ — a: 2^X3^, V2 = x'^^ ~ ^"v^^i and D = x^^ — ^^\^'2 ■• ^^e 2x2 minors of }A up 
to a change of sign. The ideal J = /2(A^) = (fi,f2,-D) will be called the Herzog- Northcott 
(HN, for short) ideal associated to Ai . 

The paper is organized as follows. In Section |2] we start with a few preliminary results. 
In Section [3l following Bresinsky's ideas in [.2J, we prove, in our general setting, that HN 
ideals are set-theoretically complete intersections, thus recovering the result of Valla. Con- 
cretely, we prove that the element qb considered by Bresinsky verifies rad(/) = rad(f 1, qb) in 
complete generality (see Theorem 13. ip . Comparing the element qb given by Bresinsky and 
the one gy given by Valla, we show that they are equal modulo [vi) under mild hypotheses 
and are in general closely related. Section H] is mainly devoted to studying the condition 
grade(fi,f2) = 2. In Sections |5] and El and supposing that x = xi,X2,X3 is a regular se- 
quence and that {v) has grade 2, we prove that HN ideals are geometrically linked to a 
complete intersection and that they are almost complete intersections (in the sense of [8]). 
From Section [7] to the end of the paper, we restrict ourselves to the case of the polynomial 
ring A = /c[xi, X2, X3], k a field and x = xi,X2,X3 three variables over k. Then, in Section [71 
we characterize when an HN ideal is a prime ideal. To do this, we first consider an integer 
vector m{I) = (mi,m2,m3) G associated to / and the corresponding Herzog (prime) 
ideal pm(/)- Then we prove that / being prime, gcd(m(/)) = 1 and / = p^^-^ are three equiv- 
alent conditions (see Theorem 17. 8p . Section |H] is devoted to finding a bound for the number 
of minimal components of an HN ideal. Concretely, we prove that the number of minimal 
components of an HN ideal I is bounded above in terms of the greatest common divisor of 

any pair {mi,mj), i 7^ j, where (mi,m2,m3) = m(/) is the integer vector associated to / 
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(Theorem 18. 3p . Finally, in Section [9l and provided that k has characteristic zero or is big 
enough, we prove that an HN ideal is always radical (Theorem 19. ip . We finish by giving 
some illustrative examples. 

2. Preliminary results 

In this section, A will be a commutative Noetherian ring and x = xi,X2,X3 a sequence 
of elements of A generating a proper ideal of height 3. We keep the notations of Section [H 
i.e., vi = xl^ — Xa^Xg^, V2 = x'^^ ~ x°^^i D = x'^^ — x'[^X2^ , and ui = x'^^ and U2 = —^-i^ 
where a, 6 G N'^. In particular, set / = 12{M) = (f i, V2, D). 

Remark 2.1. Let / be an HN ideal. Then rad(f ) = rad(/) fl rad(u). 

Proof. Let p a prime ideal of A. Suppose that p D {v). Then x^2-D — ~^3^^i ^ a^i^^2 ^ P- If 
X2 ^ p, then D G p and / C p. On the other hand, if X2 G p, then a;i G p since Vi G p. It 
follows that p ^ / or p 3 (-u), or equivalently p ^ / fl (m). Conversely, it is immediate that 
if p 3 / n (m), then p ^ / ^ (t;) or p D (m) D {v). □ 

For stronger results we need more restrictive conditions; see Proposition 12. 21 (a) and Corol- 
lary 12.31 below. The following proposition is a direct consequence of the work of Northcott 
in [H]. 

Proposition 2.2. Let I he an HN ideal. Suppose that grade(f ) = 2. 
(a) Then (v) : D = (u) and (v) : I = (u). 
(6) The ideals (v), I and (u) are grade-unmixed of grade 2. 

(c) Moreover, if x = Xi,X2,X2, is a regular sequence, then each of Xi,X2,X3 is regular 
modulo I. 

Proof. The first part of (a) follows from [TH Proposition 1] (which does not require the 
ring to be local), and that (f ) : / = (u) follows from the equality (v) : D = (u). By [T2| 
Theorem 130], (v) is grade-unmixed and by [HI Theorem 2], / also has grade 2 and is grade- 
unmixed. From a minimal primary decomposition of {v) and the equality {v) : D = {u), one 
can extract another minimal primary decomposition of (u), and hence (u) is grade-unmixed 
and clearly has grade 2. Moreover, if x = Xi,X2, x^ is a regular sequence and if some Xj were 
in an associated prime p of /, then p would contain xi,X2,X3, a contradiction, since p has 
grade 2 by part (b). □ 

Corollary 2.3. Let I be an HN ideal. Suppose that x = Xi,X2,X3 is a regular sequence and 
that grade(f) = 2. Then / fl (u) = (t>). 

Proof. Clearly {v) C Jfi (m) and, by Cramer's rule, D ■ (u) C (v). To see that /fl (u) C (ti), it 
suffices to show {u) : D = (u), for if 2 G / fl (m), then z = w + qD G (m), with w E {v) CI {u). 
Thus qD G (m) and q G {u) : D = (u) would follow. Therefore one would deduce that 
qD G (f ) and z G (f). But D is indeed regular modulo {u). Were D in an associated prime 
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p of (m), then p would contain the regular sequence xi,X2,X3, a contradiction, since p has 
grade 2 by Proposition [2^2] (&). □ 



3. HN IDEALS ARE SET THEORETICALLY COMPLETE INTERSECTIONS 



In this section, A will be a commutative Noetherian ring and x = Xi,X2,x^ a sequence of 
elements of A generating a proper ideal of height 3. We keep the notations of Section [H i.e., 

vi = — 0^2^ V2 = X2^ — xl^x^^ and D = x^^ — x^-^x^^, and Ui = xl^ and U2 = —X2^, with 
a, be N\ 

In the next result we produce the desired element g using an algorithm employed by 
Bresinsky in [2] (there in the case where A = k[xi,X2,X3] is a polynomial ring over the 
field k). For this reason we will refer to this choice of g as gs- This candidate for g will 
subsequently be contrasted in Example 13.21 and Remark [331 below with the candidate for g, 
denoted gv, advanced by Valla in [19] (in our general setting). To examine this contrast in 
detail, we pay close attention to the form of g. 

Theorem 3.1. (cf. [2], [19].j Let I be an HN ideal. Then there exists an algorithmically 
specified element g in the radical of I such that rad(/) = rad(fi,5'). Moreover, if x = 
xi,X2,X3 is a regular sequence and grade(f) = 2, then this element g lies in I. 

Proof. We prove that there exists an element g in A of the form g = {—lY'^x''^ + h, with r > 1 
and he (xi, X2), and such that — pvi = x'^^^'^g, for some p ^ A. 

From this last equation, it follows that V2 G rad(fi, (7) and g E {v) : C / : U2^. Since / 
is the ideal generated by the 2x2 minors of a 2 x 3 matrix, by [4, Theorem 3] any minimal 
prime of / is of height at most 2. In particular, X2 is not in any minimal prime of I. Thus 
is regular modulo rad(/) and g G rad(/). Moreover, if x = Xi, X2, X3 is a regular sequence 
and grade (f) = 2, by Proposition 12.21 X2 and hence is regular modulo I and g E I in 
this case. Then D'^' — (—ly^'^'-^g^'-^ G rad(/) fl (xi,X2) C rad(/ fl (m)) which, by Remark 12. ![ is 
equal to rad(f) and so included in rad(fi,5'). Thus D G Tad{vi,g) and rad(J) = Ta.d{vi,g), 
and the result is then proved. 

Now construct the desired g (call it gs) by following Bresinsky's argument in [2]. His idea 
is to take the binomial expansion of 3^)^i and, by subtracting a multiple of 

Vi = Xi^ — ^2^X3^, eliminate the higher order terms in x^^Xg^. To assist the reader we include 
details that were omitted in Bresinsky's paper. 

For i = 0, write Bq = V2^ , po = and go = 0. For i = 1, . . . ,ai, write 





j=0 



,ja2 + ii-l)b2 {ai-i+j)ci-jai {i-l-j)a3+b3{ci-j) 
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i-1 



J=0 



Note that Bi is just a part of the binomial expansion of = {x^^ — xl^x^^y^. Moreover, 



Bi - Bi+i + qi- Pi+ixf = Bi - Bi+i + Pi^s'^g^ - Pi+ixl 

^1 \ ^jc2^ai(ci-i) 63(01-1) 



+ 



J=0 ^"'^ 



;■ / '^1 \ „ia2+(j-l)62 (ai-i+j)ci-joi (i-l-j)o3+63(ci-j) 



3/ Q 



^fe as 
^2 



ci-j / "^l \^ia2+i62^(ai-j-l+j)ci-iai^(i-i)a3+63(ci-i) 



. 7 =0 ^ ^ 



3^ Q 



a;^^ = 0. 



Now, for i = 0, . . . , Oi, let us see that — Yl]=oPj''^i — Bj, + q^. Indeed, for i = 0, since 
Bq = v'^ and po = and — — 'PqV\ — Bq + qo. Suppose the equality holds for i, 

< i < oi. Then 



V2 -^Pjt^i ^ Bi + qi- Pi+iVi 



j=0 



Bi+i + {Bi - Bi+i + qi- Pi+ixf) +^^+1X2^X3^ = Bi+i + q 



i+i- 



In particular, for i = Oi, 
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j=0 



J2 {-ly^-^ h\ xi'^xi'^^'-'^x^'^^'-'^ 

j=ai ^ ^ 

ai-1 / 



+ 



U '^^\ ^i«2+aii2^i(Ki-ai)^(ai-j)«3+63(ci-j) 



Xn 



X, 



^ai''2 
X2 



ai — l 

.j=o ^-^ 



+ 



^1 1 ™ia2_i(ci-ai)_(ai-j)o3+63(ci-j) 



X'. 



Thus, taking p = Yl'^LoPj''^i 9b the element given as follows: 
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ci-i / '^M „i«2 + 0-ai)62 ai(ci-j) fe3(ci-j) 



a-i-l , X 



'H^^\ ^j{ci-ai) ^{ai-j)a3+b3{ci-j) 

3=0 

one has — i = x'^^^'^Qb- Moreover, note that the term j = of gB gives (—1)^^X3, with 
r = aiOs + 63C1, and the rest of the terms of qb are in (xi, X2). □ 

Example 3.2. In [191 Theorem 3], Valla constructed an element gv in the radical of / such 
that rad(/) = rad(f 1, (yfy)- In concrete terms, changing Valla's notation to ours, 

Cl 



o— n \3 J 



j=0 

where for < j < Ci, jai = tci + s with < s < Ci — 1. 
For instance, if we take Ai to be as follows: 



M 



1 -^2 -^3 

2 2 
2 -^3 -^1 



which is the example considered by Bresinsky in [2], then the element qb considered in the 
proof of Theorem 13.11 is as follows: 



9b 

so that. 



j=2 ^-^^ j=0 ^-^Z 



9b = ^2 — 4:X2XiX3 + 6X2XiX^ — 4:X2XiX^ + X3. 

On the other hand, 

gv = — 4x1x1x3 + 6x2X3 — 4x2X^X3 + X3. 
Remark that gs — gv = Qx^xivi. This pattern is completely general, as we now show. 

Remark 3.3. If fi,X2 is a regular sequence, then gB — {—lY^gv is in {vi). In particular, if 
moreover x = Xi, X2, X3 is a regular sequence and grade(f ) = 2, then gB and gv are in /. 

Proof. By the beginning of the proof of Valla [191 Theorem 3] - changing his notation to ours 
- we have: 

{-If^vl' = xl^^^gv mod [yi). 
On the other hand, from Theorem 13.11 we have = x'^^^'^gB + pvi- Hence 
(1) x''2''"{9B-{-ir9v]=0^od{v,). 
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If X2 is regular modulo {vi), then gB — {—lY^gv £ ("^^i)- If moreover a; = xi, 0:2, is a regular 
sequence and grade(f) = 2, by Theorem 13.11 qb can be taken in /, and so can gv- □ 

Remark 3.4. Note that it is always the case that X2 is regular modulo rad(/) for a gen- 
eral HN ideal / (see the proof of Theorem 13. ip . Hence it follows from Theorem 13.11 and 
equation ([1]) above that rad(/) = rad(fi, (^y) for a general HN ideal I. 

4. On the condition grade(f ) = 2 

In this section, A will be a commutative Noetherian ring and x = xi,X2,X3 a sequence of 
elements of A (not necessarily generating a proper ideal of height 3). We keep the notations 
of Section [H i.e., vi = x1^ — Xg^Xg^, V2 = — x^^Xg^ and D = x"^^ — xJ^Xg^. The purpose 
of this section is to study the condition grade(f) = 2 versus the condition that xi,X2 or 
Xi,X2,X3 forms a regular sequence. These results are of interest in view of Remark 13.31 and 
of results in subsequent sections. 

In the latter half of the paper, we shall be particularly interested in the case of a polynomial 
ring. As will be seen in Example 14. 3[ this case can be placed in a graded context. For this 
reason and for ease of reference, we introduce the following notation. With the assumptions 
of this section, we say that {A, x) satisfies the homogeneous condition {*) if A can be graded 
by No, with xi, X2, X3 and f 1, V2, D homogeneous elements of positive degree. 

The following result is folklore; see [3i Corollary 1.6.19] for the unexplained notations and a 
proof in the local case. For the graded case use [TJ § 9.7, Corollaire 2] and [31 Theorem 1.6.17 

(&)]■ 

Theorem 4.1. Let R he a commutative Noetherian ring. Let y = yi, . . . ,yn be a sequence 
of elements of R. Let M be a finitely generated R-module. Suppose either that yi, . . . , yn are 
in the Jacobson radical of R, or that R = (Bn>oRn is No-graded, yi, . . . , are homogeneous 
elements of positive degree and M = (Bn>oMn is graded over R. Then the following conditions 
are equivalent: 

(1) grade((?/i, ...,?/„); M) = n; 

(2) Hi{y;M) = for all i > 1; 

(3) H^iy■,M) = 0; 

(4) y = yi, . . . , yn is a regular sequence (in any order). 

We state now the desired result. 

Proposition 4.2. Let x = xi,X2,X3 be a sequence of elements of A. Suppose either that 
xi,X2,X3 are in the Jacobson radical of A, or that {A,x) satisfies the homogeneous condition 
{*). Then 

(a) Xi,X2 is a regular sequence if and only if Vi,X2 is a regular sequence; 
(6) Xi,X2,X3 is a regular sequence if and only if Vi,V2,X3 is a regular sequence (so 
grade(f) = 2 in either case); 
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(c) // moreover xi,X2, X3 generate a proper ideal of height 3, grade(f ) = 2 and A satisfies 
the Serre condition {S3), then xi,X2,X3 is a regular sequence. 



Proof. We have (fi,X2) = {xl^,X2) and (fi,f2,X3) = {x^^ , X2^ , x^,) . Thus grade(fi,X2) = 
grade (x^^, X2) and grade(f 1, f2, X3) = grade (x J^, Xg^, X3). By Theorem 14.11 fi,X2 is a regular 
sequence if and only if grade(fi, X2) = 2, and so, by Theorem 14. II again, if and only if xl^ ,X2 
is a regular sequence. Analogously, Vi,V2,X3 is a regular sequence if and only if x1^,X2^,X3 
is a regular sequence. Using [121 Exercise 3.1.12 (c)], one deduces (a) and (6). 

Finally, if grade(f) = 2, since (v) C (xi,X2), grade(xi,X2) = 2, by [121 Theorem 125]. By 
Theorem 14.11 xi,X2 is a regular sequence, and by [121 Theorem 130], the ideal (xi,X2) is 
grade-unmixed. Thus, for any associated prime p of (xi,X2), depth(Ap) = grade(p) = 2 and 
height(p) > 2. Since A satisfies the Serre condition (5*3), 2 = depth(Ap) > inf (3, height(p)). 
Hence p has height 2, so X3 ^ p since (xi, X2, X3) has height 3, by assumption. Thus xi, X2, X3 
is a regular sequence. □ 

Example 4.3. Let A = fc[xi,X2,X3] be the polynomial ring with xi,X2,X3 three variables 
over a field k. Set mi = 0203 — 0263, m2 = 0103 — 0361 and = 0102 — 0162. Endow A with the 
natural grading induced by giving Xj weight mj. Then A is graded by Nq and Xi,X2,X3 and 
Vi,V2,D are homogeneous elements of positive degree, i.e., {A,x) satisfies the homogeneous 
condition (*). In particular, vi,V2 is a regular sequence in either order. 

Proof. Clearly mj > 0, so Xj is a homogeneous element of positive degree. On the other 
hand, vi, V2, D are homogeneous provided that (mi, m2, m3) satisfies the following system of 
equations: 

{Oimi = 62m2 + a3''^3, 
02m2 = aimi + 63m3, 
03m3 = 6imi + a2"i2- 

It is easily checked that this is indeed the case. Hence Vi,V2,D are homogeneous elements 
of positive degree and so {A,x) satisfies the homogeneous condition (*). Applying Proposi- 
tion |l]2l we deduce that fi,f2 is a regular sequence, and in either order because of Theo- 
rem SJl □ 

Remark 4.4. In fact, note that in the system of equations ([2]), each one of the three 
equations can be obtained from the other two via addition. Moreover, since Oi > ai and 
02 > 62, the system can be reduced to the Q-linear system of rank 2 formed by the two first 
equations: 





By Cramer's rule, the Q-linear subspace of solutions is generated by the non-zero vector 



as 

&3 



-62 

C2 



Ci as 
-ai 6s 



Cl 

— ai 



-62 

C2 



(a2as + a362 + 6263, «i«3 + ai&3 + hh, «i«2 + 0261 + 6162) = 
(c2Cs - a26s, CiCs - as^i, C1C2 - ai62) = (^i, m2, ms). 

Thus (mi, m2, ms) G N'^ is a solution of system ([2]) which is unique up to a non-zero rational 
multiple. 

One can have a Cohen- Macaulay domain A and a sequence of elements x = xi, X2, x^ of A 
generating a proper ideal of height, and hence grade, 3, though with grade(fi,f2) equal to 
1. Necessarily, by Proposition I4.2[ x = Xi,X2,X3 are not in the Jacobson radical and {A,x) 
does not satisfy the homogeneous condition (*). 

Example 4.5. (see [I2[ Exercise 7, p. 102]) Let A = k[yi,y2,y3] be the polynomial ring 
with yi, y2, ys three variables over a field k. Then the elements xs = yi, xi = 2/2(1 — yi) and 
2^2 = 1/3(1 — 1/1) form a regular sequence in this order, but in the order Xi,X2, X3 they do not; 
moreover grade(xi, 0:2) = grade((xi, X2); A/(xi)) + 1 = 1. Thus Xi,X2,X3 generate a proper 
ideal of height (and grade) 3, but grade(fi,f2) = 1. 

5. HN IDEALS ARE GEOMETRICALLY LINKED TO COMPLETE INTERSECTIONS 

In this section, A will be a commutative Noetherian ring and x = xi,X2,X3 a regular 
sequence. Moreover, we will suppose that the ideal [v) has grade 2 (see e.g. Proposition 14. 2p . 
In spite of (f) having grade 2, it may happen that Vi,V2 is not a regular sequence. However 
one can ensure that there does exist an element w ^ A such that vi + WV2,V2 is a regular 
sequence (see e.g. [T2l Theorem 125] and its proof). We keep the rest of the notations as in 
Section [1] 

Lemma 5.1. Let I be an HN ideal. Suppose that x = xi,X2,X3 is a regular sequence and 
that grade(f) = 2. Then I = (v) : Ui = (v) : U2 = (f) : (u). 



Proof. By Corollary 12. 3[ Jfl (u) = (v) and, by Proposition 12. 2[ xi is regular modulo /. Then 
(f ) : Ui = [/ n (n)] : Ui = (/ : Ui) D [(u) : Ui] = I : Ui = I . 

[v) : (u) follows immediately from this, since (v) : [u) = 



Analogously I = (v) : U2. That / 
{{v) : Ml) n ((t;) : ^2). 



□ 



In particular, (v) is a radical ideal if and only if / and [u) are radical ideals. Indeed, 

rad(/) n rad(M) and so (f ) is radical if / and [u) are radical. 



by Remark 12.11 rad(f ) 

Conversely, if (v) is radical, then rad(/) = rad((f) : Ui) C rad(f ) : Ui = (v) : Ui = I and 

rad(M) = rad((t') : D) C rad(f) : D = (v) : D = (u), by Proposition 12.21 In particular, if 

ai > 1 or 62 > 1, then (m), and hence (f ), is not radical. 
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Proposition 5.2. Let I be an HN ideal. Suppose that x = xi,X2,xs is a regular sequence 
and that grade(f) = 2. Then I is geometrically linked to (u), i.e., {u) = (v) : I, I = (t>) : (u) 
and I D (u) = (v). 

Proof. By fl2[ Theorem 125], {v) can be generated by a regular sequence clearly contained 
in / n {u). Moreover, that (u) = {v) : I, I = {v) : (u) and / fl (u) = {v) follow from 
Proposition 12. 2[ Lemma [5.11 and Corollary I2.3[ respectively. □ 

In [201 page 326 and fF.], Vasconcelos gives a proof that / = (t>) : (m), but it would 
seem that there is a hidden Gorenstein hypothesis in his Corollary 4.1.1 (see the appeal 
to Corollary A. 9.1 in its proof; see also jl8[ Proposition 2.4], where the local Gorenstein 
hypothesis is used again). 

In particular, one has Ass(A//) U Ass(A/ (m)) = Ass(A/(t>)) (see e.g. [iHl Remark 2.2]). 



6. HN IDEALS ARE ALMOST COMPLETE INTERSECTIONS 

In this section, A will again be a commutative Noetherian ring and 
regular sequence. Moreover, as before, we will suppose that the ideal (v) has grade 2 (see 
Proposition 14. 2p . 

Lemma 6.1. Let I be an HN ideal. Suppose that x = Xi,X2,X3 is a regular sequence and 
that grade(f ) = 2. Then I is minimally generated by three elements. 



Proof. By Proposition 12. 2[ none of Xi, X2 or X3 is in any minimal prime of /. Localise at 
a minimal prime of {xi,X2,X3) without changing notations. So we suppose that A is local. 
If / has a minimal generating set of less than three elements, then at least one element of 
the generating set Vi,V2,D is redundant, D say. In this case, / = (^1,^2) ^ (xi,X2). By the 
Generalized Principal Ideal Theorem ([121 Theorem 152]), there exists a minimal prime q of 
{xi,X2) of height 2. But then q would be a minimal prime over / containing (xi, 0:2, X3), a 
contradiction (and similarly for the possible variations on this argument). 

Alternatively, localise at a minimal prime containing {xi,X2,X3) without changing nota- 
tions. The resolving complex constructed in [HI Section 2 and Theorem 2] in the case of 
our specific $, u and v yields the following free resolution of /: 



o^a'Ha'Ha^a/{v,d)^o, 



where 



v 



X2 



xl^ \ 



—X 



—X 



and 



-D 



-Vi V2 



J 



Since all the entries in the matrix maps are in the maximal ideal, this Hilbert-Burch presen- 
tation of / is minimal. □ 
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Remark 6.2. Actually, by Valla's argument at the top of page 10 in [19], Lemma [6 . 1 1 holds 
for an arbitrary HN ideal. Note also that the second proof presented above requires only that 
grade(t') = 2. Remark too that from this resolution, ['0] ■ [99] = and so Dx^^ —v\x'^ +f 2X3^ = 
0. Therefore Dx°^ G (f) and lA^^ = (f)y4a;^. (This can also be deduced from the equality 
I={v):iu).) 

Proposition 6.3. Let I be an HN ideal. Suppose that x = Xi,X2,X3 is a regular sequence 
and that grade(f ) = 2. Then I is an almost complete intersection (in the sense of [8]j. 

Proof. On the one hand, I is minimally generated by 3 elements and has height 2. To see this, 
note that / contains (v) so has grade at least 2. On the other hand, since rad(/) = rad(f 1, g), 
any minimal prime of / is a minimal prime of {vi,g), which by the Generalized Principal 
Ideal Theorem will be of height at most 2. Finally, lA^ is locally a complete intersection at 
primes p minimal over J, because such a prime p fails to contain xi, so lAp = {IAxJAp^_^. 
But lA^^ = {v)A^^ and lAp = {v)Af,. □ 

Remark 6.4. Let I be an HN ideal. Suppose that x = Xi,X2,X3 is a regular sequence and 
that grade(f ) = 2. Then I is generated by a (i-sequence, / is of linear type and of strong 
linear type. 

Proof. Indeed, since {v) : D = (u) and / H [u) = {v), then {{v) : D) (1 1 = [u) (11= {v). 
Therefore (f) : = {v) : D. In particular, for some w E A, Vi + WV2,V2,D is a ci-sequence 
which generates / (cf. [11] for a general discussion of d-sequences, and [loc. cit.. Example 4] 
in particular for the result at issue here). Hence / is an ideal of linear type, i.e., the 
canonical graded homomorphism a : S(/) — )■ R(/) between the symmetric algebra of / and 
the Rees algebra of / is an isomorphism (see e.g. [8]). In fact, one has a little more, namely 
/ is of strong linear type, i.e., H2{A, B,G{I)) = 0, where H2{A, B,G{I)) stands for the 
second Andre-Quillen homology group of the A-algebra B = A/ 1 with coefficients in the B- 
module G(J), the associated graded ring of I. It is well-known that ker(a2) = H2{A, B, B). 
Moreover, if A D Q and H2{A,B, G(/)) = 0, then I is of linear type. Since B as an A- 
module has projective dimension 2 and / is of linear type, then the converse also holds and 
one has H2{A, B, G(J)) = (see [161 Theorem 3.4 and Proposition 3.10]). □ 

7. When are HN ideals prime? 

From now on until the end of the paper, A = k[xi,X2,X3] is the polynomial ring with 
X = xi,X2,X3 three variables over a field k. In particular, vi,V2 is a regular sequence in any 
order, by Example 14.31 Denote by m the maximal ideal of A generated by xi,X2,X3. 

We begin with the following definition which will play a key role. The idea behind it lies 
in the subsequent remark and in the proofs of Example 14.31 and Lemma 17.71 

Definition 7.1. Let J be an ideal of A, J G m, such that XiA + J is m-primary for all 

i = 1,2,3. The integer vector associated to J, m(J) = (mi(J) , m2{J) , m^{J)) E N^, is 

defined as mi{J) = leiagth.{A/{xiA + J)), for each i = 1,2, 3. 
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Remark 7.2. Let / = {xl^ — X2X^^ ^x^2 ~ ~ ^i^T) be an HN ideal. Then, for 

each i = 1,2,3, XiA + / is m-primary and mi{I) = e{xi ■ Am/Im)- Moreover m(J) can be 
directly obtained as m(/) = (C2C3 — 02^3, C1C3 — 0361,0102 — 0162). In particular, m(/) e 
generates the Q-linear subspace of solutions of system in Example 14.31 (see Remark 14. 4p . 
and so mj(/) is the weight given to Xi, i = 1,2, 3, in Example 14.31 

Proof. We have xiA + I = {xi, X2^ , X2^ x'^^ , x'^^) , which is m-primary. Thus mi (J) is finite and 
can be calculated as Iength(y4n^/(a;i74 + /)„,). In particular, xi -A^/I^ is a parameter ideal of 
the Cohen-Macaulay local ring Ayn/Im (recall that / is height-unmixed; see Proposition 12. 2p . 
By HH Proposition 11.1.10], length(y4n,/(xiA + /)„,) = e{xi ■ Am/Im)- On the other hand, 
the quotient ring A/{xiA + I) is isomorphic to k[x2,X3]/{x2^,X2^x'^'^,x'^^) which has length 
(02 + &2)(c3 + ^3) — a-2&3- There are analogous arguments for 1712(1) and m^(I). □ 

Now, let us extend the definition of Herzog ideals introduced in the first section. 

Definition 7.3. Let n = {ni,n2, n^) E be an integer vector with greatest common divisor 
not necessarily equal to 1. The Herzog ideal associated to n is the prime ideal p„ defined as 
the kernel of the morphism ipn '■ A k[t] sending Xi to t"' for each z = 1, 2, 3. 

We then have the following: 

Remark 7.4. Let m = (mi,m2,m3) G and n = (rii, 712,713) E N'^ such that m = dn for 
some d E N. Then = p„. 

Proof. Since A/p„ = k[t'"''^ , t^^ , f^^] C k[t] is an integral extension, dim(y4/p„) = 1 and p„ is 
a prime ideal of height 2. Analogously, p^ is a prime ideal of height 2. If gcd(ni, n2, n^) = 1, 
using an explicit system of generators of p„ (given by Herzog in [9]; see also [131 pages 138- 
139]), one can easily check that p„ C p^, and so they are equal. In general, factoring out the 
greatest common divisor e = gcd(ni, n2, na), let r = n/e = (ri,r2,r3), where gcd(ri, r2.r3) = 
1. Then n = er and m = {de)r, thus Pm = Pn = Pr- ^ 

Lemma 7.5. Let p„ be the Herzog ideal associated to n = (ni, n2, n^) E N^. Then, for all i = 
1,2,3, XiA + p^ ism-primary anc? mj(p„) = e{xi ■ Am/{p^)m) ■ Moreover m{p,^ =n/gcd{n). 

Proof. By the preceding remark we clearly can suppose that gcd(ni, n2, ^3) = 1. Since 
X2^ = x"^ + (^2^ — x"^) E xiA + p„, and analogously for X3, xiA + p„ is m-primary. Thus 
mi(p„) is finite and can be calculated as length(y4m/(a;iyl + p„)n,). In particular, xi ■74n,/(p„)m 
is an m74n^/(p„)m-primary ideal of the Cohen-Macaulay one-dimensional domain y4^/(p^)n^. 
By [m Proposition 11.1.10], Iength(y4m/(xi74 + p„)m) = e{xi-Am/{pn)m)- On the other hand, 
the quotient ring A/{xiA + p„) is isomorphic to R/t^^R, where R = lm{{p) = t^^, t"^'], 
so Iength(y4/(xi74 + p„)) = length(i?/t"^i?). To calculate the latter one can localise at the 
maximal ideal n = (t"^, t"'^, t"^) since f^^R is n-primary, as (t"-')"^ E t^^R, j = 2,3. Since 
t"^-Rn is a parameter ideal of a Cohen-Macaulay local ring, length(i?n/^"^-Rn) = ^{t^^Rn) 
(again by Proposition 11.1.10]). 
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Because 1 = si?7,i + 82^2 + 83713 for some Si & R G k[t] is a birational integral extension. 
Set S = R\n. Since tk[t] is the only nonzero prime q of k[t] such that q fl 5 = 0, the 
saturation of S in k[t] is k[t\ \ tk[t], so Rn C is a birational finite extension. Then 

e{r'R„) = e{r^k[t](^t)) (see [El Corollary 11.2.6]). By [m Proposition 11.1.10] again, the 
latter is equal to \ength.{k[t](^t)/t"'^k[t](^t)) = ni. □ 

In particular, one has a kind of converse of Remark 17.41 

Corollary 7.6. Let m = (mi, 1712,7113) G N'^ and n = (ni, 712,713) G N^. Then = p„ if 
and only if m and n are linearly dependent over the field Q. 

Proof. If p,^ = p„, then 7n(p„) = 7n(p„) and, by Lemma 17.51 gcd(7i) ■ m = gcd(7n) ■ n. 
Conversely, if m and ri are linearly dependent over the field Q, then rm = sn for some 
r, s e N. By Remark [731 Pm = Pn- ^ 

Now, given an HN ideal /, we want to look for the "nearest" Herzog ideal to I. 

Lemma 7.7. Let I he an HN ideal and m(I) G N'^ its associated integer vector. Then pm(/) 
is the unique Herzog ideal containing I. In particular, pm(/) is a minimal prime of I . 

Proof. Given any m = (rrii, 7^2, 7^3) G N'^, / = (x^^ — x'^x^\x2^ — x^^Xg^, — x^^x'^'^) C p^ 
if and only if m satisfies system ([2]) of Example 14.31 whose Q-linear subspace of solutions is 
generated by m{I) G (see Example 14.31 and Remark l7.2p . Thus / C p^f^jy Since both 
ideals have height 2, pm(7) is a minimal prime of /. 

Suppose now that / C p^ and / C p^, where m,n E By Remark El we can suppose 
that gcd(7ri) = 1 and gcd(ri) = 1. In particular, since / C p^, p^, then m and ri are solutions 
of system ([2]) in Example 14.31 So, there exist p,q E Q, p,q > 0, such that m = pm{I) and 
n = qm{I), i.e., rm = sn for some r, s G N (cf. Remark 14. 4p . Taking the greatest common 
divisor, r = s, m = n and p^ = p„. □ 

The next result characterizes when an HN ideal is a prime ideal. 

Theorem 7.8. Let I be an HN ideal and m(I) G its associated integer vector. Then the 
following conditions are equivalent: 

(i) / is prime; 
{ii) I = p„(j); 
(Hi) gcd{m{I)) = 1. 

Proof. By Lemma [7171 Pm(i) is a minimal prime of /. Thus / is prime if and only if / = Pm{i)- 
Consider the exact sequence 

O^L^A/I^ A/p^^j) ^ 0, 
where L = p^^-j^//. Tensoring it with A/xiA and using that xi ^ Pm{i)y obtains 
L/xiL A/{xiA + I) ^ A/{xiA + p„(^)) 0. 
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Endow A with the natural grading induced by giving Xi weight mi{I), i = 1,2,3; see Re- 
mark I7.2[ Then / and Pm{i) ^"^^ homogeneous ideals in this grading. By the graded variant 
of Nakayama's lemma, L = if and only if L = xiL. Therefore, / = pm{i) if and only if the 
Artinian rings A/{xiA + I) and A/{xiA + have the same length. But, by Lemma 1731 

the length of A/ {xiA + p^,^j-^) is equal to = "^i(-^)/gcd(m(J)), where we recall that 

mi(/) is by definition the length of A/{xiA + /). So the result follows. □ 

Example 7.9. Let Ir be the HN ideal associated to 

Mr = 



rai ra2 ras 
Xi X2 X^ 

^rb2 rbi rbi 



3 

where a,b E N'^ and r G N. Then m{Ir) = r^m(/i). In particular, Ir is not prime for all 
r > 1. In fact, C J^, since x['' - x^'xl^' = (a;f - x\'xf){Y.l=iX^r''^''" 4'^^''' 4~^^''')- 
Note that the are all distinct and all have the same associated Herzog ideal. 

Remark 7.10. One has the maps m : {HN ideals} — ?■ and p, : N'^ — t- {Herzog ideals} 
defined by / t-)- m(/) and m \-> p^. 

The map m is not injective. For example, as regards the HN ideal given by the triples 
(01,02,03) = (1,1,3), (&i, 62,^3) = (3,2,3), we get m = (15,15,10), which we also get 
whenever (01,02,03) = (2,3,3), (61,^2,^3) = (1,1,3). The second ideal contains a binomial 
with a pure term in xf, whereas the first ideal does not. And indeed m is not surjective even 
if we restrict the range to triples of positive integers each of which is at least 3; for example 
(3, 4, 4) is not in the image of m, since if it were, 02 = 03 = 62 = ^3 = 1, and a contradiction 
would follow easily. The map p, is not injective by Remark 17.41 and is surjective by definition. 

The composition p, o m, which assigns to each HN ideal its associated Herzog ideal, is 
clearly not injective (because m is not injective; see also Example 17. 9p . 

Is p, o m surjective? What is the image of m? 

Remark 7.11. As regards a description of Im(p, o m) and Im(m), at the moment we have 
only partial results giving necessary conditions for triples of positive integers to belong to 
these image sets. These results have elementary but somewhat lengthy and technical proofs. 
So for the moment we confine ourselves to the following observations. 

(1) Whenever n = {ni,n2,ns) E has gcd(n) = 1, then n E Im(m) if and only if the 
subsemigroup H of (N, +) generated by ni,n2,n3 is not symmetric. Indeed, suppose that 
there exists an HN ideal I with m(/) = n. By Theorem 17. 8[ I is prime and equal to p„. 
Thus p„ is an HN ideal and so is not a complete intersection. By [9] (see also [iHl p. 139]), 
H is not symmetric. Conversely, if H is not symmetric, p„ is not a complete intersection. 



Thus p„ is an HN ideal and, by Remark [7.5i m(p„) = n, so n E Im(m). 

(2) If (mi,m2,m3) is in Im(m) and mi and m2 are bounded above by r, say, then it is 
easy to see that is bounded above by 3r^ — 2. On the other hand, one can show that if 
n = (ni,n2,n^) E N'^ is such that gcd(n2,n3) = 1, so that in particular gcd(ni, n2, n3) = 1, 
and that rii is contained in Nn2 + Nn3, then p„ lies in Im(p, o m). 
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8. On the number of primary components of an HN ideal 



We keep the notations of the former section, i.e., A = k[xi,X2,X3] is the polynomial ring 
in three variables x = xi,X2,X3 over a field k and m is the maximal ideal of A generated by 
xi,X2,X3. The purpose of this section is to give bounds for the number of associated (i.e., 
minimal) primes of an HN ideal of A. We begin with the following observation. 

Remark 8.1. Let / be an HN ideal and m(/) its associated integer vector. Then, for each 
^ = 1,2,3, 

mi{I) = J2 ■ AJqJ\ength{{A/I)q). 

qeMin{A//) 

In particular, cardinal Min(74//) < min{mi(/), m2(/), m3(/)}. 

Proof. By Remark \7.2\ mi(/) = e{xi ■ Am/Im) and, by the Associativity Formula (see [TTj 
Theorem 11.2.4]), this can be calculated as 

e(xi ■ Am/Jm) = ^ e(xi ■ Ara/Im', v4n,/o)length((v4n,//m)a). 
OGMin{Am//,„) 

Endowing A with the grading obtained by giving Xi weight mi{I), i = 1,2,3, / is then 
homogeneous in this grading and hence any associated prime q of / sits inside m. Thus 
any o in Min{Am/Im.) is of the form a = qA^ with q in Min(yl/J) and vice versa. Hence 
the equality follows. In particular, the sum has as many non-zero terms as / has minimal 
primes. □ 

To improve on this observation, we need the following lemma which was inspired by, and 
in turn generalizes, |6l Lemma 10.15]. 

Lemma 8.2. Let m2,m3 G N with gcd{'m2,m^) = e. Let m2 = ep2 and = ep^ with 
gcd(p2;P3) = 1- Let f be a factor of x^^ — x™^ which is not a unit. Then f is of the form 

with r G N and ai G k, arp^, 7^ 0. 

Proof. Set the weight of Xi equal to pi, i = 2,3, so that — x^^ is homogeneous of degree 
ep2P3. Suppose that / is a factor of x™^ — x™^ G k[x2,X3] which is not a unit. Then / is 
homogeneous of degree p, say, where p > 0. Write 

f = (X1X2 ~\~ 011—1X2 Xg -j- . . . -j- CLqX^ , 

at,ao 7^ 0, with typical term 0^X3X3, for < i < t. So ip2 + hps = p = tp2. Because 
gcd{p2,P3) = 1, P2 divides and ps divides t — i. Since tp2 = p < p + q = {e — l)p2P3, then 
0<i<t<{e — l)p3. SoO<t — z<(e — l)p3. Thus t — i = jp^, and hence i = t — jps, 
with j G Z, < j < e — 2. Therefore 

J — utX2 -r u,t-p^X2 J'3 ~T at—2po,^2 •^3 -r . . . -r ut_(e— 2)p3'''2 -^3 
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Since / has a pure term in 0:3, then t = rp^ for some rGN, l<r<e — 2, and 

/ — (lrp^X2 + Oj{r—l)p-i^2 -^3 + . . . + (lp^X2 + aoa;3 . 

For < j < r, the term with coefficient a(r-j)pz has degree (r — j)p3P2 + hr-j)p3P3, which 
must be equal to rp2P3, the degree of /. Thus /(r-j)p3 = jP2- Therefore 

p rp3 I {r—l)p3 P2 , I PS {r—'i-)p2 _|_ rp2 

J — CLrp^X2 \ ^[r—l)p3'^2 "^3 ~r • • • ~r ^^^3*^2 "i" ^^0*^3 7 

as desired. □ 

Theorem 8.3. Let I be an HN ideal and m{I) its associated integer vector. Let q G 
Min(A//). Then, for allij G {1,2,3}, i ^ j, 

e{xi;A^/qJ > mi{I) /gcd{mi{I),mj{I)). 

In particular, setting d = gcd(m(J)) and s = min{gcd(mj(/), mj(J)) \ 1 < i < j < 3}, 

cardinal Min(A//) < 1 + {s ■ {d - l)/d). 

Proof. Take q a minimal prime of I in A, and set -B = k[x2, X3] and n = {x2, X3) the maximal 
ideal of B generated by X2,X3. Clearly qHB C n. Note that A/q is a finite (i?/qn-B)-module. 
In particular {A/q)„ is a finite {B/q fl -B)n-module. But m is the unique maximal (indeed 
prime) ideal p 3 q in A such that p/q fl {B/q (IB) = n/qd B (since in A/q, 
so that (v4/q)n = (y4/q)n,. Therefore, (A/q)^ is a finite (-B/q fl -B)n-module. 

Moreover, in A/I, x'^^ — ^"y^i and = x5^X2^. Write m(/) = (mi,m2,m3). Since 
m2 = aiC3 + 6163 and mg = aiOa + 61C2, then = Xa'^^Xa'^^ = x1'^' x^'"' x^'^^ and x™^ = 
2,aiC3^M3 _ 2,aifci3,aia2^M3^ jhus x"^ = x"^^ in A/J and X2' - x"^^ G /. In particular, 
- e / n 5 C q n fi. Thus (x2,x^^) C X2B + (q n fi) and xa ■ S„/(q n 5)„ is 
ni?n/(q n i?)n-primary. Therefore, by [T71 Corollary 11.2.6], 

e(x2; An/qm) = e(x2; 5n/(q n ■ rankB^/(qnB)„ (An,/qn,) > e(x2; 5n/(q n B),,). 

Since i^/qfl-BM-A/qisan integral extension, then q fl i? is a prime ideal of height 1 of -B 
(thus principal) and B^/ (q H B)^ is a one- dimensional Noetherian local domain, thus Cohen- 
Macaulay. By [TTl Proposition 11.1.10], e(x2;5„/(q n B)^) = \eiagth{B„/x2B„ + (q n B)^). 
Since X2-B + q fl 5 is n-primary, the latter length is equal to length (_B/x2-B + qf} B). 

But q n 5 = (/) for some irreducible polynomial f E B and x™^ — x™^ G q fl i? = (/). 
Thus x™^ — x^^ = /(? for some g E B. By Lemma 18.21 and following its notations, / 
is a polynomial in x^ and xf^ with pure non-zero terms in each of x^ and x^ , where 
gcd(m2,'m.3) = e and m2 = ep2 and ma = eps, with gcd(p2,P3) = 1- Thus q fl 5 C (x2,x|^). 
Hence e(x2; ^m/qm) > length(5/x2-B + q fl 5) > length(5/(x2, x^^)) = P2 = ma/e. 

By Remark 18.11 and Lemma 17.51 

ma > e(x2; v4n^/(p^(j))n,) + ^ e(x2;An,/q^) 

q6Min(A//)\{p^(,)} 
> {m2/d) + (m2/e) ■ (cardinal Min( A//) - 1). 

17 



So cardinal Min( A//) < 1 + (e ■ (d - □ 
Example 8.4. Let I = (xj^ — X2xl,xl^ — x^x^jX^ — xY'x'^) be the HN ideal associated to 



X2^ 




9 

X3 — 


Mr= ( 


'^ 9 

Xl X2 
^2 


^10 



Then m(/) = (78, 105, 110), whose greatest common divisor is 1, thus / = is prime by 
Theorem 17.81 Note that for HN ideals which are prime, the bound given in Theorem 18.31 is 
precisely 1. However it may happen that s = min{gcd(mj(J), mj(J)) | 1 < i < j < 3} 7^ 1. 
For instance, in this case, s = 2. 

Example 8.5. Let I = (xf — x'^x^^x\ — 2:1X3, X3 — x\x'^ be the HN ideal associated to 

.2 



M 



1 -^2 -^3 

2 3 4 
2 -^3 "''I 



Then m(/) = (10,16,18), whose greatest common divisor d equals 2. Therefore, by The- 
orem [7]8l / is not prime. Moreover, min{gcd(mj(J), mj(/)) | 1 < i < j < 3} = 2. Thus, 
by Theorem 18.31 / has at most two minimal primes. By Lemma 17.71 the Herzog ideal 
p„ associated to = m{I)/d = (5,8,9) is a minimal prime of /. To calculate p„, we 
use [131 pages 137-139]: since 5 is the least integer number ci such that ci^i G Nn2 + Nn^ 
(5-5 = 2-8+1 -9), 3 is the least integer number C2 such that 02^22 £ Nni+Nn3 (3-8 = 3 -5+ 1-9) 
and 2 is the least integer number C3 such that €3113 G N^i + N?7,2 (2 ■ 9 = 2 ■ 5 + 1 ■ 8), then 
pn = {xl — X2X3,X2 — x'^X3, X3 — x\x2)- Observc that p„ is the HN ideal associated to the 



matrix 



Ml 



4 
2 



■^1 -^2 -^3 



Moreover, if char(A;) ^ 2, the fc-algebra automorphism i/j : A ^ A defined by ipi^i) = 
Xi, ip{x2) = —X2 and ipix^) = X3, leaves / invariant whereas it takes p„ to the prime 
ideal q = (xf — X2X3,X2 + xfx3,x| + x\x2)- In other words, / = ip{I) C V'(Pn) = ^'^d 
q is also a minimal prime of /. Thus the bound in Theorem 18.31 is attained. In fact, 
e(xi; An^/Om) > mi(/)/gcd(mi(J), m2(/)) = 5 for any minimal prime a of /. Thus, by 
Remark [8.11 length((74//)a) = 1 for each such a, and / = p„ fl q is radical. We will see in 
the next section that this fact holds more generally. 

Note that if char(A;) = 2, then (x2 — xfxs)^ = — xix|(xf — X2X3) + X2(x2 — X1X3) and 
(X3 — x^X2)^ = X3 — x\x\. Therefore C / C and rad(/) = p„. In particular I has only 
one minimal prime and is not radical (because it is not prime). Note that p^ C /. 

Remark 8.6. Let / be an HN ideal and m(J) = m = (mi, 7112, m^) G N'^ its associated 
integer vector. Let d = gcd(m) and n = m/d = (ni, 7^2,^3) G N^, where gcd(n) = 1. Then 
gcd(mj, nij) = d ■ gcd(nj, rij) for all 1 < i < j < 3. Thus 

s = min{gcd(mj, rrij) \ l<i<j<3} = d- min{gcd(?T,j, rij) \ l<i<j<3} = d-r, 
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say. Therefore 1 + {s{d — l)/d) = 1 + r{d — 1). In particular, if some gcd(nj, rij) = 1, then 
cardinal Min(y4/ J) < d. Does this bound hold in complete generality? 

Remark 8.7. We have established two other estimates for the number of minimal primes 
in A/ 1. In a number of cases that we have looked at, these estimates are weaker than the 
one given in the statement of Theorem 18.31 However, the methods used to obtain them are 
of interest and the estimates themselves may prove to be of worth in other situations. So we 
confine ourselves to sketching some brief details concerning them. 

(1) By the comment right at the end of Section [5], the number of minimal primes in A/ 1 is 
one less than the number of minimal primes in A/{v). Set n = m(/)/gcd(m(J)). We can 
then use the argument of the proof of Remark [8?T| only this time applied to e(xj ■ A^/ {v)Am), 
i = 1,2, 3, to get the following estimate: 

cardinal Min( A//) < minjcjCj — | {i,j,k} = {1,2,3}}. 

Here we have used symmetry and the fact that e{xi ■ Am/{pn)m) = ""-i (see Lemma 1715!) . 

(2) A more delicate argument using minimal reductions and the criterion of multiplicity 1 
establishes the following result. Suppose, possibly after relabelling the suffices, that > Ci, 
and that > C2- Then 

cardinal Min( A//) < (ciC2 - n2.)/2. 

9. HN IDEALS ARE USUALLY RADICAL 

As in the previous section, A = k[xi,X2,X3] is the polynomial ring with three variables 
over a field k. We start with the following result. 

Theorem 9.1. Let I be an HN ideal. If k has characteristic zero (or large enough), then 
rad(/) = /. 

Proof. By Example 14.31 vi,V2 is a regular sequence. Thus rad(f) = {v) : Jac(i;) where Jac(f) 
is the Jacobian ideal of (v), i.e., the ideal generated by the 2x2 minors of the Jacobian 
matrix d{vi,V2)/d{xi,X2, x^), provided that k has characteristic zero or sufficiently large (see 
[201 Theorem 5.4.2, page 131 and comments on page 130]). Concretely, setting 

Jl = ciC2Xi^~^X2^'^ — aib2Xi^^^ x'^^"^ x'^-^ , 

J3 = b2b3Xrx'2'-'xf-' + a:,C2x'2'+'^-\f-\ 

these being the three generators of Jac(f ), 

rad(t;) = [v) : Jac(t;) = {v) : ( Ji, J2, h) = [{v) : Ji] H [{v) : H [{v) : J3] C [v) : Jl 

Write Jl = x1''^x\^'^h, with h = -aib2D + sx\^X2^ e A, D = x^i - x\'xl^ and s = 
C\C2 — ai&2 G Now, by Proposition 12.21 and Corollary 12.31 and using the general rule of 
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quotient ideals that L : f g = {L : f) : g , we have 

(v) : Ji = {{v) : xl'-^xl'-^) : h = [{I f] (u)) : x^^-^x^^"^] : h = 
[{I : xf -^x^^-') n ((m) : x^-'x^^-')] : h = {I D (xi, x^)) : = 
(/ : /i) n ((xi, X2) ■.h) = {I : x\^xf) H ((xi, X2) : Xg^) = / H (xi, X2) C /. 
Therefore rad(f) C /. By Lemma [5.11 rad(/) = rad((f) : Ui) C rad(f) : Ui C J : = /. □ 
Remark 9.2. In particular, rad(f) = rad(/) fl rad('u) = Jfl (xi,X2) = (f 1, f2, XiD, X2-D). 

Example 9.3. Let I be the HN ideal considered in Example I8.5[ By Theorem 19.11 if k has 

characteristic zero, I is radical. In fact, we have shown that, if char(/c) ^ 2, then / is radical, 
whereas if char(A;) = 2, then I is not radical. 

This fact holds rather more generally (see the discussion in Example 19.71 below). Before 
coming to this, we need the following two results. 

Proposition 9.4. Let I he an HN ideal and m{I) = (mi, m2, m^) E its associated integer 
vector. If ai = 1, then {A/I)^^^^ is isomorphic to (fc[x2, X3]/(x™^ ~ ^3'^))x2X3- In particular, 
their total quotient rings Q{A/ 1) and Q{k[x2,X3]/{x^^ —x^'^)) are isomorphic. Furthermore, 
the cardinality o/Min(y4//) is equal to the cardinality of a maximal complete set of orthogonal 
idempotents 0/ Q(A;[x2, X3]/(x™^ — x^^)). 

Proof One has I = {vi, V2, D), with vi = x^^ - x^^x^^, V2 = x"^ - Xl^X3^ D = x".^ - x^^x"^. 
In A^^x-i-, since a\ = 1, Xi = X2^x^^^ — ^2X3"^^. Thus, in A^-ja-g, 

= {x'2'xs'" - V2Xs'"y' - x^^x^3 = x^i'^xg ''^"1 - x^2'a;3^ + V2P = 

= x^^x^^^^\xT^'^^ - xl^^^^"') + V2P = x^2'a;3''^"Hxr - + V2P, and 

D =xf - (xa'xg - t;2X^^=')^^X2' = Xg^* - x'^'+'^'^x^'"'" + V2q = 

= x^'^'^ixl''''"'-' - xf^'^'^) + V2q = a;^'^'^(xr - x^') + ^^2?, 



2:2x3 • 



withp,g G A^2^3. Therefore lA^^^^ = (x™^ -xf\v2)A^^^^ = (x^^ -xf\xi-xfxs''')A., 
So (y4//)^2^g = (fc[x2, X3]/(x^^ — x?^^))a;2a;3. Siuce X2, X3 G A are regular modulo J and each of 
X2,X3 G A;[x2,X3] is regular modulo (x™^ — x™^), the total quotient ring of A/ 1 is isomorphic 
to the total quotient ring of fc[x2, Xsl/^x"^^ — x^^). 

Let V be the affine fc-variety defined by / and R{V) the ring of rational functions of V, 
i.e., the total quotient ring Q{A/I) of A/I (see e.g. [131 HI, Proposition 3.4]). So R{V) = 
Q{k[x2, X3]/ (x™^ — x^^)). Let = Vi U . . . U be the decomposition of V into irreducible 
components, which induces an isomorphism -R(V^) = R{Vi) x . . . x R{Vr) (see e.g. [131 HI) 
Proposition 2.8]). So the number of minimal primes of / is equal to the number of elements in 
a maximal complete set of orthogonal idempotents of R{V) = Q{k[x2, X3]/ (x™^ — x'^^)). □ 

Proposition 9.5. Let I be an HN ideal and m(I) G its associated integer vector. If 

ai = 1 and gcd(m2(/), m3(/)) = d is prime, then gcd(m(/)) = d as well and I is not a 
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prime ideal. Moreover, cardinal Min (A//) < d. Furthermore, z/ char (A;) = d, then I is 
primary, is not radical, and S S Pm{i) ■ 

Proof. Let us prove first that I is not a prime ideaL Note that once this is estabhshed, then by 
Theorem 17.81 gcd(m(/)) 7^ 1; but since gcd(m2(/), m3(/)) = d is prime, gcd(m(/)) must be 
equal to d as well. In particular, by Theorem 18. 3 [ cardinal Min( A//) < 1 + {d{d — l)/d) = d. 

Write m(/) = m = (mi, 7712,^3) G and m2 = dn2, = dn^ with gcd(n2,ri3) = 1. 
Then 

™m3 _ ma _ ( ns _ ^naw (^-1)^3 , (d-2)n3 na , , ns (d-2)n2 (d-l)n2N 

■^2 "''S ~ \-^2 -^3 )\-^2 "T -^2 X3 "t" . . . "t" ^2 X3 "T -^a J) 

where irreducible (by e.g. [6l Lemma 10.15] or Lemma [8.21 above). 

Set B = k[x2,x^, a = (xg^ — x^"^) and b = (^2'^ ^^^^ + . . . + xf ^''"^), the corresponding 
ideals generated in B, and C = B/a. In C, x'^'^ = so that in C, X2''~^''"^ + . . . + x^^~^^'^^ = 
dx^2~^^^^ ■ Hence, if char(/c) 7^ rf, a + b contains the element xf~^^^^ and so (i?/(o+ b))2,2 
becomes the zero ring. In other words, dB^.^ and hBx2 are relatively prime ideals of Bx2- By 
the Chinese remainder theorem (see e.g |13l II, Prop. 1.7]), 

B^J{xr'-xT)B^2 = (i?.a/ai?xa) X (i?.a/b5.a)- 

In particular, by Proposition 19. 4[ 

{A/ 1),,,, = ik[x2,xs]/{x^' -xr)).2.s = (5/a)xax3 X (5/b),,,3, 

which is not a domain. In particular, / is not prime. 

If char(fc) = d, then — x™^ = (x2^ — X3^)'^. Keeping the same notations as above, by 
Proposition 19.41 again, 

{A/I)x2X3 — (^[3^2? 2:3]/ (X™^ — X^'^))x2X3 — {B / a!^)x2Xi^ 

where o is a prime ideal in B and a complete intersection (in fact principal), so a*^ = a^'^^ 
the (i-th symbolic power, and a*^ is o-primary. Hence the nilradical of B/a'^ is the (non-zero) 
prime ideal a/a*^, whose (i-th power is zero; in fact the colength of a'^ at a is precisely d. Since 
X2X3 lies outside a, this structure is preserved when we localize at the element X2X3. In the 
light of the isomorphism established above, we deduce that {A/I)x2x-j, has a (non-zero) prime 
nilradical with d-ih power equal to zero, so this prime radical must therefore be {Pml ^)x2xz- 
Since / is unmixed and X2X3 is regular modulo /, we must have that I is p^-primary and 
Pm — S Pm- III particular, pm^ C / . Furthermore, p^m equals / if and only if they 
have the same local co-length at p^. Now Ap^ is a regular local ring of dimension 2, so 
the local colength of A/pm at p^ is d{d + l)/2. Hence the co- lengths agree if and only if 
d{d+ l)/2 = d, i.e., d = l. So for > 1, / properly contains pm^ □ 

For the concrete case d = 2, we obtain the following result. 

Corollary 9.6. Let I be an HN ideal and m(I) E N'^ its associated integer vector. Suppose 

that ai = 1 and gcd{m2{I) , m^ll)) = 2. In this case, if char {k) 7^ 2, then I is radical and 
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equal to the intersection of exactly two prime ideals; on the other hand, if char(A;) = 2, then 

(2) 

I is primary, is not radical, and pl^li) S S Pm(/) ■ 

Proof. By Proposition 19.51 we have only to show that / is radical whenever char(fc) ^ 2. 
Thus suppose that char(A;) 7^ 2. Write m(J) = (mi,m2,m3) G and m2 = 2^2, = 2n^ 
with gcd(r;,2, "".3) = 1. Then x^^ = (3^2^ ~^3^)(^2^ +^3^) is a decomposition into prime 

factors in i? = /i;[x2, x^] (see e.g. |6l Lemma 10.15] or Lemma [H2] above). Let Oi = {x^^ "2:3^) 
and 02 = (^2^ + Xg^) be the corresponding prime ideals generated in B. Then ai 7^ 02 and, 
localising at X2, Ot-iB^^ and 02-8x2 ^ire two relatively prime ideals of B^^- By the Chinese 
remainder theorem (see e.g p3] II, Prop. 1.7]), 

-^2:2/ (-^2 ^ ~ -^3 ^)Bx2 = (-8x2/(^2^ ~ -^3^)^x2) ^ (-^2:2/ (^2^ ~^ •^3^)^x2) ■ 

In particular, by Proposition 19. 4[ 

{A/ 1),,,, = (A;[x2,X3]/(xr -a:r)).2X3 = (B/a,),,^, x (i?/a2).,.3, 
which is a reduced ring. Since X2a;3 is regular modulo I, A/ 1 is reduced and I is radical. □ 

Example 9.7. Consider (again) the HN ideal / of Example 18. 5[ which satisfies the hypothe- 
ses of Corollary 19. 6 [ i.e., ai = 1 and gcd(m2(/), m3(/)) = 2. Thus one can conclude that if 
char(/c) 7^ 2, / is radical and equal to the intersection of two primes, whereas if char(A;) = 2, 
then / is primary, is not radical, and Z I Z Pm(/)- 

For the concrete case d = 3, we have the following result. 

Corollary 9.8. Let I be an HN ideal and m(I) E N'^ its associated integer vector. Suppose 

that ai = 1 and gcd(m2(/), ^3(1)) = 3. In this case, if ch.a:i{k) 7^ 2,3 and k contains 

a square root of —3, then I is radical and equal to the intersection of exactly three prime 

ideals; if char(/c) 7^ 3 and either char(fc) = 2 or else k does not contain a square root of 

—3, then I is radical and equal to the intersection of exactly two prime ideals; finally, if 

(3) 

char(A;) = 3, then I is primary, is not radical, and p^(/) ^ I ^ Pm(7)- 

Proof. Write m(/) = (mi, m2, ^3) G and m2 = 3^2, ^3 = 3?23 with gcd(n2, "^-3) = 1. Then 
x™^ — x™^ decomposes as (xg^ — X3^)(x2"^ + X2^X3^ + Xg""^), where Xg^ — X3^ is irreducible 
(by e.g. |6j Lemma 10.15] or Lemma 18.21 above). On the other hand, any proper factor 
of Xg"^ + X2^X3^ + Xg""^ is a proper factor of x™^ — x^^. Hence, by Lemma 18.21 again, any 
decomposition of Xg"^ + x^^x^^ + Xg"^ must be of the form (xg^ + Ax3^)(x2^ + A'^Xg^), 
Xe k \ {0}. Therefore A + A"^ = 1 and hence A^ - A + 1 = 0. 

Suppose now that char(A;) 7^ 2, 3 and that k contains a square root of —3. Take Aq G a 
solution of A^ - A + 1 = 0. Set i? = A;[x2, X3] and Oi = (x2^ - x^^), ^2 = + Aoa^g') and 
03 = (xj^ + Aq ^Xg^) the distinct prime ideals generated in B. Localising at X2, (XiBr^.^^ ^28x2 
and 03-8x2 become three pairwise relatively prime ideals of B^^- By the Chinese remainder 
theorem (see e.g |T3l II, Prop. 1.7]), 

B.Jix'^' -xT)Bx2 = {BxJaiB,,) x (5,Jo25,J x (5,,/o25,3). 
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In particular, by Proposition I9.4[ 

(A/J),,,3 = (fc[x2,X3]/(xr -a;r))x2X3 = (5/ai)x2..3 X {B/a2)x2x, x {B/a-i)^,,,, 

which is a reduced ring. By [131 HI; Proposition 4.23], Q{A/I) is the product of three fields. 
So / has exactly three minimal primes. Moreover, since {A/I)x2x:i is reduced and 0:2X3 is 
regular modulo /, A/ 1 is reduced and / is radical. Thus / is the intersection of exactly three 
prime ideals. 

If char(A;) 7^ 3 and either char(A;) = 2 or else k does not contain a square root of —3, then 
a = (^2^ ~ x^i^) and b = (xg"^ +^2^X3^ H-Xg"^) are two distinct prime ideals of i? = k[x2-,X'i\. 
Remark that 3x^"^ = (2x^^ +x^^)(x^^ -x^^) + (x^"^ +x^^x^^ +x^"^). Thus, localizing at X2, 
0t.Bx2 and bB^^ become two relatively prime ideals of Bx2- Proceeding as before, one deduces 
that {A/I)x2xz is reduced and that Q{A/I) is the product of two fields. So I is radical and 
equal to the intersection of exactly two prime ideals. 

If char(fc) = 3, then finish by applying Proposition 19.51 □ 

Example 9.9. Let I = {xf — x^Xg, X2 — XiXg, Xg — xfx2) be the HN ideal associated to 

/ 3 3 \ 

I <-yj rift'-' nn'-' \ 

M= \ ^ X2 X3 

1 ,-yj2 ,-y.3 ^3 I 

\ X2 X3 x^ j 

Here a\ = \ and m(J) = m = (21,15,18), so gcd(m2,m3) = 3. Thus one can apply 
Corollary 19.81 For instance, if /c = C, J is radical and equal to the intersection of three prime 
ideals, whereas if = Q, / is radical and equal to the intersection of two prime ideals. On 
the other hand, if char(fc) = 3, / is primary, is not radical, and pm $ ^ Pm- 

In any case, the Herzog ideal associated to m = (21, 15, 18) is a minimal prime of /. 
A simple computation shows that p^ = (x'^ — X2X3, X2 — xfx3, x\ — x^x-^. 

If = Q, Singular (see [7]) gives for the minimal prime of / other than p„ the ideal 

/4 235 33 4 3222 2 43 22 4\ 

(X-j^ X2X3, X2 Xj^Xg, X-j^X3 ~t~ X\X<2 ~\~ X2X3, X-^X'2 ~\~ XiX'2X^ ~\~ Xg, X-^X'2 ~\~ X^^Xg ~t~ X2X3y, 

which is not a binomial ideal. We recall that, according to the work of Eisenbud and 
Sturmfels [5], if /c = C, all the associated primes of / must be binomial. 

In this connection, we remark that the results of , and the rich combinatorial and algo- 
rithmic theory of binomial ideals that grew from it, could well throw light on the questions 
left open in this paper. We intend to pursue this line of enquiry in future work. 
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